One of the most powerful probes of new physics is the polarized Cosmic Microwave Background (CMB). The detection of a nonzero polarization angle rotation between the CMB surface of last scattering and today could provide evidence of Lorentz-violating physics. The purpose of this paper is twofold. First we review one popular mechanism for polarization rotation of CMB photons: the pseudo-Nambu-Goldstone boson. Second, we propose a method to use the Polarbear experiment to constrain Lorentz-violating physics in the context of the Standard-Model Extension, a framework to standardize a large class of potential Lorentz-violating terms in particle physics.
Introduction
The principle of Lorentz invariance undergirds our two most fundamental theories of physics: the standard model of particle physics and general relativity. While these theories have been extraordinarily successful at describing nature, we expect new physics to emerge at high energies. Since we have limited ability to directly probe the regimes where both quantum mechanics and relativity dominate, we can instead search for small deviations in our low-energy theories such as a departure from Lorentz symmetry.
One promising way to search for Lorentz violations is to study linearly polarized light as it propagates through space. From rotational symmetry, it is expected that the polarization plane of a linearly polarized photon should not change as it propagates through empty space, so any rotation of the polarization would indicate some physical interaction that violates Lorentz invariance.
Although there are a number of potential theories that could cause such a rotation, one popular mechanism for achieving this effect is the introduction of an additional scalar field to the standard model. The pseudo-Nambu-Goldstone boson (PNGB) has a number of attractive qualities, including the ability to conserve an otherwise broken global symmetry and to naturally explain the connection between symmetrybreaking effects over many orders of magnitude in energy. It is also a potential candidate to account for the observed dark energy or dark matter densities. Since PNGBs generically introduce a Lorentz-violating polarization angle rotation via Chern-Simons coupling to electromagnetism, we also have a promising avenue to search for their existence.
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Of course this is only one possible mechanism so we should also consider ways to classify more general Lorentz violations, which is the aim of the Standard-Model Extension (SME) framework. In particular the CMB is an excellent probe of Lorentz violations because small effects can accumulate over cosmological distances. Using observations from the Polarbear experiment 6 we propose a method to constrain a subset of the SME parameters using the three CMB patches observed by Polarbear.
The paper is organized as follows. Sections 2 through 8 are a brief review of a general PNGB and its evolution through the universe, including specific examples like the QCD axion and quintessence; a candidate for dark energy. Sections 9 through 11 deal with the SME and show how cosmic polarization rotation angle measurements can be used to constrain SME parameters.
Energy Scales in Field Theory
There is a general heuristic in field theory that can be expressed in imprecise terms as: "mass terms in the action correspond to energy scales of the relevant physics."
This statement is tantamount to dimensional analysis. When using natural units that set c = 1 and = 1 any quantity can be written in terms of powers of a single unit, usually in terms of eV, sometimes in terms of mass. In the path integral approach to quantum mechanics, the action appears in an exponential e so dimensional analysis tells us that the action must be dimensionless. We can then examine the definiton of the action µ φ, to have dimension 4, and noting that a derivative has mass dimension 1, then it is necessary for the field φ to have dimension 1. A consequence of this is that a term like φ 2 has dimension 2 and therefore needs a dimensionful coupling in order to be in the Lagrangian, for example: m 2 φ 2 , where m is a constant with mass dimension 1.
A more complicated example is the Chern-Simons term between a scalar field and a field strength tensor: φF µν F µν . In electromagnetism the field strength tensor F µν is constructed from derivatives and the vector potential (mass dimension 1)
Therefore F µν has dimension 2, and the overall Chern-Simons term has dimension 5, so it must be accompanied by a coupling of dimension -1. Therefore something like a constant 1/M for a Lagrangian term of the form
would be a candidate ansatz. Considering a theory that contains terms with dimensionful constants, a reasonable question to ask is whether the value of that constant is an arbitrary parameter of the theory or whether it traces new physics at roughly that scale, which is not yet understood. Take for example the masses of the W and Z bosons. They are not arbitrary parameters but they come from electroweak-symmetry breaking. Furthermore both of these particles and the Higgs boson all have masses of around 100 GeV, which is on the order of the electroweak scale ∼ 200 GeV.
Similarly the pion of mass ∼ 130 MeV and the proton/neutron masses ∼ 1000 MeV are all around the same order of magnitude as the QCD scale ∼ 200 MeV.
This reasoning also leads us to believe there is some, as yet unknown, physics at the Planck scale since general relativity has a dimensionful parameter of its own:
This energy-scale approach is especially relevant to cosmology because it deals with the evolution of the universe, which spans some 30 orders of magnitude in temperature, with the temperature going down as the universe ages. Even an order of magnitude approach to cosmological fields should lend us considerable insight. So with this heuristic in mind, we now take a look at the PNGB. 
Mass of the Pseudo-Nambu-Goldstone Boson
If a scalar field theory with multiple degrees of freedom is invariant under some symmetry, that symmetry can be spontaneously broken via the Higgs mechanism.
To understand how this happens, first consider an example with a single scalar field.
Spontaneous Symmetry Breaking
A single (real) scalar field, which has only one degree of freedom, has a Lagrangian of the form
The lowest-energy state is simply a constant value φ = φ 0 . The derivative terms are zero for a constant, so its value is determined by the minimum of the potential, V (φ 0 ). Including a mass term or even a higher-order quartic term results in a potential
This potential, as well as the full Lagrangian, has a discrete sign symmetry. Replacing φ with −φ, the Lagrangian is unchanged because only even powers of φ appear. As long as the parameters µ 2 and λ are positive, then the minimum of this potential is φ 0 = 0. However, in field theory it is usually the case that "constants" in the Lagrangian are not truly constant. Due to the process of renormalization, the coupling "constants" can actually depend on energy scale. For example, asymptotic freedom in QCD is related to the statement that the strong fine-structure parameter α s is large at low energies, but becomes asymptotically smaller at larger energies.
If, at some point in the evolution of the universe, the temperature-dependent parameter µ 2 = µ 2 (T ) changes from a positive value to a negative value, then the minimum of the potential will no longer be φ 0 = 0. Figure 1 shows plots of the potential V (φ) for two cases µ 2 > 0 and µ 2 < 0. In the second case there are two minima at
After transitioning to µ 2 < 0 the Lagrangian is still symmetric but expansion of the Lagrangian about the ground state, in terms of φ − φ 0 , is no longer symmetric. This phenomemon is called "spontaneous symmetry breaking" because, while the symmetry of the underlying Lagrangian is not broken, symmetry of the ground state is broken. In this example the symmetry was discrete but in a model with more degrees of freedom, spontaneous symmetry breaking of a continuous symmetry will occur.
Complex Scalar Field
Next consider a complex scalar field ψ = ψ 1 + iψ 2 with Lagrangian
This field will have a similar potential
Under a spontaneous-symmetry-breaking event as described above, µ 2 will become negative and the potential will take on the new form
In terms of the component fields ψ 1 and ψ 2 this is
This can be parameterized in terms of two different real scalar fields H and φ
so that
This yields a potential only dependent on the longitudinal degree of freedom H, as seen in Figure 2 V
This result, where the potential depends on some degrees of freedom but not others, is a general feature of spontaneous-symmetry-breaking events. The degrees of freedom that do not appear in the potential after symmetry breaking are called "Nambu-Goldstone bosons," and the lack of a potential means they are massless by definition. In this example φ is the Nambu-Goldstone boson. Additionally they possess shift symmetry in which a change in the value of φ by 2πf corresponds to the same physical system
This new parameter f is included because if φ is interpreted as a scalar field, dimensional analysis tells us that in order to have it inside the argument of an exponential it must be divided by a coupling with dimension 1. In the spirit of the previous section, it is reasonable to expect that the value of the coupling f will be on the same order of magnitude as the other scales in this scenario like the vacuum expectation value f ∼ v.
This is the situation with only a scalar field and a spontaneous-symmetry-breaking event. But PNGBs have a second relevant temperature scale when the shift symmetry of φ is broken. Next consider a case where the scalar is coupled to either some other field, or collection of fields, or constant term generated by other fields, so that the potential is
Where β is a dimensionless coupling of order unity. In this case, not only will the field undergo spontaneous symmetry breaking, but it will experience explicit symmetry breaking because the ψ 1 Ψ term does not respect the U(1) symmetry of ψ: the Lagrangian is not invariant under the global transformation ψ → ψ = e iθ ψ. In this example Ψ represents whatever physics is explicitly breaking the symmetry. This is model dependent, but by dimensional analysis it must have mass dimension 4 regardless of the model. The potential can be seen in Figure 3 Now when reparameterizing the ψ field, the potential becomes
In the low-energy limit, φ f , the quadratic term from the cosine in Eq. (12) will dominate and the potential for the PNGB is
Additionally, in the low-energy limit, the H field will be near its equilibrium value v, which should be around the same size as f . The potential is therefore
Ψ depends on the model, but the fact that Φ is a dimensionful term means it should correspond to the temperature scale of the explicit-symmetry-breaking mechanism. Therefore the potential should generally be on the order of
where Λ now represents the temperature scale of the explicit symmetry breaking. From this scalar mass term, the mass of the PNGB is
Thus the mass is dependent on the two relevant temperature scales of the PNGB: the spontaneous-symmetry-breaking scale, parameterized by f , and the explicitsymmetry-breaking scale, parameterized by Λ.
Energy Density of the PNGB

Pre-Oscillations
Now consider the PNGB field in the context of general relativity. The Lagrangian is
Focusing only on a spatially uniform field over cosmological scales in the FriedmannLemaître-Robertson-Walker metric, the Euler-Lagrange equation of motion is
At this point, the PNGB has first gone through spontaneous symmetry breaking and then explicit symmetry breaking. The equation of motion is of the form of a damped simple harmonic oscillator with a damping term 3H and angular frequency m. Since H is time dependent the decay envelope will actually be a power law rather than an exponential, but qualitatively the situation is similar. However when the mass first "turns on" at the explicit-symmetry-breaking scale Λ, defined in Eq. 1. This means the mass can be neglected until H drops to a small enough value. Until then the evolution is governed by
The solution is simply a constant value φ = φ . The PNGB sits at the same vacuum expectation value it was given all the way back at spontaneous symmetry breaking.
Only once H reaches a small enough value, so that H ∼ m, do oscillations begin. At this point, the potential energy of the PNGB is about
Here the vacuum expectation value is φ = αf , where α is a constant of order 1. This is assumed since the initial value of the field should be the same magnitude as the spontaneous-symmetry-breaking scale φ ∼ f . At symmetry breaking, φ takes a value at the bottom of the Higgs potential in the range −πf < φ < πf . It has no preference for any particular value, so a random value of α in the range from −π to π will give an expectation value on the order of f . 
Post-Oscillations
Starting from the initial value of φ ∼ m 2 α 2 f 2 from Eq. (25), the field then evolves according to the equation of motion stated above, now including mass. The general form of the solution is a sinusoidal oscillation with a decaying power law in time. For example, the solution to the field evolution in a radiation dominated universe is a Bessel function
Regardless of the time dependence of H, the result is that the amplitude of the field oscillations is proportional to the scale factor in this regime
The energy density of the oscillating field as a function of time is
where t 1 is the time at which the oscillations began, at the temperature scale Λ 1 = m. Finally this allows us to find the energy density today. The initial amplitude of the PNGB oscillations is
The ratio of scale factors can be expressed as a ratio of temperatures
where the subscript 0 denotes values at the present day, yielding
Using the energy at initial oscillation T 1 = m and the definition of the mass from the previous section, this is simply
So the present PNGB energy density depends on the three relevant temperatures: the temperatures at spontaneous symmetry breaking, at explicit symmetry breaking, and the current CMB temperature of 2.7 K.
Timeline of the PNGB
To summarize the results from the previous sections, we can examine the evolution of the field value in Figure 4 and energy density in Figure 5 . • First the PNGB starts as a Nambu-Goldstone boson when its parent complex scalar field undergoes spontaneous symmetry breaking at the scale f . It acquires a vaccum expectation value of αf .
• It retains its vacuum expectation value until it reaches the explicitsymmetry-breaking scale Λ and acquires a mass m = Λ 2 f .
• Now the PNGB is massive, but its mass is much too small to induce any significant changes. The field "slowly rolls" toward its minimum potential energy during this time period since it has a mass, but the change is very small and the majority of its energy density is potential energy, so it acts as vacuum energy with equation of state w ≈ −1.
• Finally it reaches the third temperature scale T 1 , which is set when the mass is the same size as the Hubble parameter m ∼ H. At this point it begins oscillating. The energy density begins at ∼ m 2 f 2 = Λ 4 and evolves with time proportional to a −3 until reaching the present temperature T 0 . Its equation of state is w ≈ 0, therefore contributing to the matter energy density. 
The Axion
The discussion until this point has only referred to a generic PNGB. The above results should roughly hold for a wide range of PNGBs regardless of the physics that generates them, as well as the two specific examples: the axion and quintessence. While they are both PNGBs, they are at different points in their evolution and we will arrive at a few interesting values like the axion-mass lower bound and the quintessence mass.
The axion was originally postulated to solve the strong CP problem. 7 It makes its transition from Nambu-Goldstone boson to PNGB at the QCD scale so the explicit-symmetry-breaking scale for the axion can be identified as
Now the axion's density parameter can be calculated
where ρ c is the critical density. Finally the requirement that it be less than the dark matter density parameter Ω axion < 0.2, results in an upper limit on f on the order of 10 12 GeV.
Assuming the axion is the dark matter particle, an approximate bound can be placed on the axion mass using the formula
which sets a lower limit on the axion mass.
Quintessence
The quintessence field is one possible candidate for dark energy. The dark-energy density is the same order of magnitude as the critical density of the universe at present day, and if the dark energy is of the form of a cosmological constant then its value is unnaturally small at early times. To resolve this "naturalness problem," consider the existence of a PNGB whose explicit-symmetry-breaking scale is very close to the temperature of the universe at present.
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In the timeline of a PNGB, quintessence is just now entering the slow-roll phase. It has acquired a mass at a scale of the vacuum energy Λ ∼ 10 −3 eV, and almost all of its energy is in the form of potential energy, which results in dark energy having a significant contribution to the density today. Furthermore its symmetry-breaking scale is expected to be at the scale of some new unknown physics. A natural scale to postulate for spontaneous symmetry breaking is the Planck scale: f ∼ M P = 10 28 eV. With these two scales, a naive estimate of the expected mass of the quintessence particle can be obtained
Birefringence
Finally, we consider how this relates to birefringence. The Chern-Simons term is of the form
Where β is a dimensionless coupling, φ is the PNGB field, and M is a coupling of mass dimension 1. To see how this could cause a rotation of a linearly polarized photon, consider the modified electromagnetic Lagrangian
The Euler-Lagrange equations for the field A µ are
Since the quantity ε νµρσ ∂ ν F ρσ is identically zero, this equation becomes
Identifying the components of the field strength tensor with the electric and magnetic fields as
the two equations take the forms
For a spatially uniform scalar field, φ only appears in Eq. (44), which is now of the form:
Therefore if the scalar PNGB field changes over time as a linearly polarized photon travels through the universe, the electric-field vector will change in the direction of the magnetic field. This corresponds to a rotation of the electric field direction. The total rotation angle α can be written in terms of the total change in the PNGB field value
Following in the theme of this discussion the magnitude of M should be considered. Since this term deals with φ, it should be at least as big as the spontaneoussymmetry-breaking scale f . But recall that the PNGB descended from a theory of a complex scalar field ψ, so this coupling likely has a scale associated with some higher energy physics. Again, a plausible scale for this would be the Planck scale
In order to detect any appreciable rotation angle, the change in the field value of the PNGB must not be more than a few orders of magnitude smaller than M P . The axion's spontaneous-symmetry-breaking scale has an upper bound at around 10 21 eV, so any rotation of photon polarization due to the axion field will could be at largest on the order of 10 −7 rad.
On the other hand, quintessence undergoes spontaneous symmetry breaking closer to the Planck scale. If quintessence exists, we would expect to naturally observe rotation angles on the order of the ratio f M , which could conceivably be as large as order unity.
Put in this context, the axion and quintessence fields should both cause cosmological birefringence, but the magnitudes of these effects may be very different, roughly corresponding to the ratio of their spontaneous-symmetry-breaking scales.
The Standard-Model Extension
Until now, the focus has been on one possible mechanism for generating cosmic birefringence, but the SME is a framework to characterize all realistic violations of Lorentz symmetry based on effective field theory, while maintaining other desireable features such as gauge invariance, renormalizability, etc. 10, 11, 12 .
Within this framework, we can classify potential Lorentz violations in the photon sector with two sets of differential operatorsk AF andk F , which characterize CPT-odd and CPT-even violations, respectively. 13,14 They appear in the extended electromagnetic Lagrangian
where A µ is the vector potential, F µν is the field strength tensor, and the SME operators are defined as
The effect of including the higher-dimension d terms introduces an energy dependence. Expressing the operators in a spherical-harmonic basis, we can write these possible Lorentz violations as first-order modifications to the photon dispersion relation
where the "±" corresponds to the two polarizations and the four ς i are given as sums over SME parameters 
(V )jm that we can classify Lorentz violations. 16 
Using the CMB for Birefringence Tests
Now in order to determine which of these infinitely many parameters we can constrain using CMB measurements, we should understand to what each of these four ς i terms correspond. From the dispersion relation we can see that ς 0 is the only one that changes the photon speed by the same amount for both polarizations. This term will not generate birefringence, but, because it contains energy dependence from parameters of dimension d > 4, its effects can be detected, for example, by measuring arrival times of photons with different frequencies from the same source. However, CMB experiments are not ideal for searching for such an effect, since they may operate only over a single frequency band or a few relatively closely spaced bands. Still, we leave such estimates to a future paper.
The terms ς 1 and ς 2 characterize CPT-even birefringent effects which mix linear polarization and circular polarization. However the polarization of the CMB, generated primarily by Thomson scattering, is not expected to contain circular polarization and as such CMB experiments typically are not designed to search for circular polarization.
Finally, ς 3 characterizes CPT-odd birefringent effects, which result in a rotation of linearly polarized photons without conversion to circular polarization. Measurements of CMB polarization are particularly sensitive to this effect. Unlike other polarized astrophysical sources, like gamma-ray bursts (GRBs) or quasars, the CMB is a well-understood source governed by simple linear physics that allows us to predict the initial polarization state of emitted photons to high accuracy. Combined with the fact that the CMB surface of last scattering has redshift z ∼ 1100, the extraordinarily long propagation distance of CMB photons allows any birefringent effects to accumulate. This is why the CMB is the most sensitive probe of Lorentz violations of this type.
16
Each of these potential Lorentz-violating terms carries energy dependence that increases with the dimension d of the SME parameters. While the CMB is a relatively low-energy source, higher-energy sources like GRBs, pulsars, and blazars will give us much tighter constraints on these higher-dimension parameters. However, for the lowest-dimension terms, CMB measurements are not hampered by this energy dependence, and it is for this reason that we restrict our analysis only to the dimension (d = 3) coefficients of the SME.
In this case, the change in polarization angle of a linearly polarized photon is where the sum is over j = 0, 1. For a CMB photon, this is approximately
POLARBEAR Observations
We can use observations from the Polarbear experiment 6 to constrain these dimension d = 3 SME parameters using its three observational patches. These patches are approximately 3
• × 3
• , which is relatively small in the context of the dimension 3 parameters we wish to constrain. Eq. (55) contains simple spherical harmonics up to j = 1, meaning we are dealing with a monopole term and dipole terms. If we take measurements of a constant rotation angle across one of these sky patches as a measurement of δψ at that particular right ascension and declination, then we can constrain direction-dependent combinations of the four d = 3 coefficients.
We can see the three patches in Figure 6 , along with the values of their RA and 
There is one additional complication. During the first season of observations, the Polarbear experiment's absolute angle calibration was obtained by minimizing the EB power spectrum under the assumption of zero overall birefringence. 17 Such an instrumental offset α will mix the parity-even E-mode polarization patterns with the parity-odd B-mode polarization patterns to generate spurious T B and EB correlations that are proportional to α . E-and B-mode maps are rotated by an overall rotation angle to minimize the EB power spectrum in order to remove instrumental miscalibration. This instrumental offset is unfortunately degenerate with a global birefringence angle α meaning that the Polarbear patches cannot constrain the monopole term k (3) (V )00 but can still constrain the other coefficients even after this self-calibration procedure by performing the same EB minimization procedure on each of the three patches individually and using the monopole-subtracted rotation angles to constrain the j = 1 SME coefficients. We leave the calculation of these j = 1 SME coefficients using data from the Polarbear experiment to a future work.
Conclusion and Outlook
We have seen now both a theoretical motivation to search for cosmic birefringence and a framework set up by the Standard-Model Extension to use experimental results to place limits on Lorentz-violating effects. Using measurements of the CMB's polarization rotation we can place extremely sensitive constraints on a set of lowdimension SME parameters on the order of 10 −43 GeV.
However, there is still room for improvement. Experiments like Polarbear are in direct need of more accurate calibration measurements. An absolute polarizationangle calibration source would allow Polarbear and other similar CMB experiments to forego self-calibration methods and allow measurements of a global rotation angle offset to constraint isotropic cosmic birefringence as well.
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The CMB's potential as a probe of parity and Lorentz violation is promising. Through more accurate polarization calibration, or multifrequency analysis, or even a probe of spurious circular polarization we may yet extract even more information from the oldest light in the universe in our search for Lorentz violations in the laws of physics.
